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Probably the most famous unsolved problem in the world is Fermat’s 
Last Theorem, namely that x” + y™ = z™ has no solution in integers, 
%, y, Z, when mn is greater than 2. 

A great many papers on this theorem come to our desk, as an extreme, 
four came during the first ten days of last October. Several contain 
smart approaches which were not carried through, and practically all 
reprove certain simple, interesting, fundamental properties of this 











equation. 
In the Jan.-Feb. issue, we will publish a sort of recapitulation 






of such properties. 

If readers would add to this list and authors would permit us to 
publish their approaches even though they have not consummated them 
(giving the authors credit, of course ) it would be possible to carry 






on a magazine roundtable on the problem. What do you think? 
The nature of this problem is such that fruitful work may be done 
on it by almost anyone who has sufficient persistance. 
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THE MULTIPLICATION FORMULAS FOR THE BERNOULLI 
AND EULER POLYNOMIALS 
L. Carlitz 


1. Introduction. The Bernoulli and Euler polynomials may be de- 
fined by means of [5, Chapter 2] 








xt eo ert wo x® 
A ceria e ES oth Cob, a, Be ee 
ex - | mzo m! ™ e~+ 1 m=zom! ™ 


It is well known that they satisfy 


(1.2) RS! B. (t+ r) = RWB (kt), 
r=o k 
k=) r 
(1.3) > (-1) "s, (t +—) = R™E_ (kt), 
r=0 k m 


where k is an arbitrary integer > 1 in (1.2), while in (1.3) k is an 
arbitrary positive odd integer. 

Bernoulli and Euler jolynomials of order n may be defined by 
(5, Chapter 6] 


w,*+w,xext x™ 





l. = S (n) ar }. 
‘aia (eW1X _ J)e++(e¥n*% — 1) Zz ot B., (tlw,, W, 
nxt a m 
(1.5) 2"e a ae (mW) (thy ie gal 
m 1 n 





(eM1% 4 1)ee*(e4n*% + 1) ~~ meo0 m! 


where the parameters w, are arbitrary non-zero numbers. Generalizing 


(1.2) and (1.3) we now have 





(1.6) ks! B (n) e 4 int ,n-mp (n) (pe), 
r 520 ” k " 





(1.7) ke C19" Fag Cf , nese Tah) : b-ME 7) (et), 


r j=0 k 


with k odd in (1.7). Of particular interest is the case w,; = *** = 
 * 1; (1.6) and (1.7) become 
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; n(kai) _ fad r m ta} 
(1.6) a Cz. wr hg 6 - a "B, we 
: n( k=! ) a r —— 
(1.7) Lm (-1)"CE. ae e = k (kt), 


where C. is the coefficient of x’ in the expansion of 
Chace. 2°" gho')n, 

It was pointed out py Nielsen [4, page 54] that B. (t) is uniquely 
determined by (1.2) and that E_(t) is uniquely doternined by (1.3), 
More precisely if (1. 2) holds fur a single value of k > 1, then the 
set of polynomials B,{ t) is completely determined, siatiasdy if (1.3) 
holds for a single odd value of x ? 1. 

In the present note we consider the following more general situa- 
tion. Let k be a fixed integer ~ | and let ~k,. . p denote 
(com lex) numbers such that iy to Foe 8; hic hg a or Oand 
let Bpy> “°° sBpp be distinct numbers. Then Secabibas the functional 
equation 


(1.8) Goa ¢ (t+ Bp) = Ay Mfg (Apt), 


ao krim 


where f,6t) denotes a normalized polynomial of degree m (that is a 
vélgnienel with highest coefficient 1). We shall show that f,(t) is 
completely determined by (1.8); moreover, the = (t) fori an yr 
set of ,olynomials. 

2. If we put 


ins 2 GA oe «tt 


jzo "J mo 


and compare coefficients on both sides of (1.8), we readily see that 
the C,; are uniquely determined. Thus for j = 1, the coefficient of 
ea! ih the left member is C,, + terms independent of the C) ., while 
in the right member the wistlicians. is precisely A, ~ ' 4 1. Proceeding 
in this manner we determine successively ss Gee *°* ss Hence 
(1.8) is satisfied by a unique normalized ,olynomial ft) of degree a. 

In the next place, differentiating both members of (1.8) with 


respect to t, we get 


(2.1) g apm f(t + Bhp) = mrp ™f (apt). 


ial 


Since (2.1) is of the same form as (1.8) it follows from the uniqueness 
property that 
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(2.2) felt) = mf_ ,(t) 


We now recall that by an Ajjpell set [1] of polynomials {f,(t)} 
is meant a set of polynomials satisfying (1.6). As is well known 
such a set is completely determined by an infinite sequence of numbers 


4,2 1,4), 4 


er indeed, 


@ 
(2.3) fit) = 2 a od 


rao 
and conversely; (2.3) is sometimes written in the form 


(2.4) 5 as oe oXte(x), ve ae ee 
mom! mom ™ 


We remark that the question of convergence in (2.4) is irrelevant 
provided we interpret the series as "formal" power series. It is an 
immediate consequence of (2.3) that 


f,(t+ u) = 5 (m)t” (u); 


r=0 itd 


we also note that f, (0) = A, 
Returning to (1. 8)" it is onny to write down a recursion formula 
for the A,. Indeed if we take t = O in (1.8), we get 


(2.5) & ope fa(Ber) = Ae "Am, 
r=! 


Since the coefficient of A, on the left is 1 and on the right ap, 
it is clear that the A, are uniquely determined. We have therefore 
proved 

Theorem 1. Let k be a ara em > 1; Gey, °°* 2 Oey comp lex 
numbers: such that i. > °>* ln ,| 7 1 or O; Bp, °°" sBpp 
distinct. Then the equation AD 18) is “satisfied by a unique set of 
normalized polynomials {f, (t)} which’ "form an Appell set. 

It would evidently be enough to assume that A, ZO or 4 root of 
unity. 

3. It should be pointed out that not every Appell set satisfies 
ai equation of the form (1.8). To see this we apply (1.8) to (2.4), 
which yields 


wo xm By x 
~ 2’ kr 
(3.1) a = N bf m Apt) = e*'6(x) 2 Op pe ; 


Since by (2.4) the left member of (3.1) 
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= e*to(a,'x), 
we see thac (3.1) implies 


6(,,7! | 
k B Bp * 
ap re ° 


RR ae iihiteinia <i 
; , (x) r= 1 


The function (x) = ir. for exanple, does not satisfy (3.2) for any 
admissible value of the parameters. It follows that the Hermite ,oly- 
nomials do not satisfy any relation of the form (1.8) 
Incidentally (3.2) is equivalent to (2.5). More precisely, given 
the rignt member of (3. 2) and | ry | 4 1, then (x) is uniquely deter- 
mined and therefore also the set {f,(x)}. Indeed if we put the right 
member of (3.2) = Tent m!, D, = 1, then (3.2) is equivalent to 


hp "A, = 3 (B)AD, 


r=o oe i 


from which the A, are uniquely determined. We may state the following 
theorem, which is in a sense a restatement of Theorem 1: 

Theorem 2. Given o%,, Bpp, Ap, satisfying the hypothesis of Theoren 
1. Then (x) is uniquely determined by (3.2). 

If we replace (x) = e'%6(x) and x by yx then it is clear from 
(3.2) that 5 and y can be so chosen that B,, = O while 6,, takes on 
any assigned non-zero value. Hence it can be assumed that (1.8) has 
such a normalized form. In particular for k = 2 we may take 


1 
af,(t) + (1 - adf (t + 2 2 ™f (at), 


which reduces to (1.2) for a= %, A’ = 2. 


4. The multiplication formulas (1.6) and (1.7) for the Bernoulli 
and Euler jolynomials of higher order together with the generating 
function in (1.4) and (1.5) suggest the following. Let {fp (t)} denote 
the set of polynomials satisfying (1.8) and let {g,( ty} denote the set 
of polynomials satisfying another equation of the form (1.8); in parti- 
cular by (2.4) 

m m 
(4.1) > og & de eXtu(x), (x). 5 = 


m=o mi ™ m=o m! 


Next define a set {h,(t)} by means of 


a ae 
(4.2) 2 —Ah|, C(t) = e% 46(x)¥(x), 


m=k m! 


We wish to examine the polynomial of degree m: 
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k h 
H(t) = 2 2 Op pp shy (t + Bp, + Bhs)» 


r=1 s=1 


where 


h 


(4.3) = Oy Bm t + Bye) = Ap "B_(Apt), 


say, is a multiplication formula satisfied by g,(t). Clearly (4.2) 
yields 
~~ (B,, + Bh) 


= —H(t) = e*#O(x)¥(x) = Op pap oe 
m=o m! 2 


= eX Fp x)¥(Ap |x), 


by (3.2). If we now assume 4 = Ap, = Ay it follows using (4.2) that 
- — 
-m 
2 — H(t) s 2 —A h, (at), 


m=O m! m=O Mm. 


which implies H(t) = 47°™h (At). This proves 


Theorem 3. Let {f(t)} denote the solution of (1.8) and {g,(t)} 
the solution of (4.3) and define h,(t) by (4.2). Then if r, = A} =A we 


have 


k oh 
4 , = -| a 
(4.4) = = Op op A(t 7 By + Bp.) =z 2X h (at). 

Equation (4.4) is again of the form (1.8) and may be described as 
formed by composition of (1.8) and (4.3). Thus (1.6) results from 
repeated composition of (1.2) with itself; similarly for (1.7) and 
(7,9). 

5. In addition to the exanyles memtioned in the Introduction, the 
case 

l- z 


(5.1) B(x) = — (z # 1) 


1 - ze* 


is of some interest. The resulting coefficients and polynomials were 
introduced by Euler [2, pages 487-491]; see also [3]. Let us denote 
the polynomials by na \t.2), so that (2.4) becomes 


_ (1 - ze** 
(5.2) a eee 


m=o m! 1 - ze* 
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Now by (5.1) we have 


6(a7'x) - l= ge 


(5.3) = : 
(x) 1 - ze"'x 





If z= ¢, an Y-th root of unity, and we ,ut A = k, where k = 1 (mod J), 
then the right member of (5.3) 


214 tothe wee phot el ket )x/k. 
(note that 1 + C + +++ + rk-! = 1.) Comarison with (3.2) and Theorem 1 


now yields 
Theorem 4. The polynomials f,(t) = Ng tS) defined by (5.1) or 
(5.2) with z= 0, an J-th root of 1, satisfy 
k-1 . 
(5.4) > Cn, it + —,C) = k™y, (kt,o), 


T=0O 


a 


provided k = 1 (mod 7). 
For © = -1, (5.4) reduces to (1.3). By composition it is evident 
how (1.7) can be generalized. 
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INTEGRALS AND EQUAL DIVISION SUMS 


Morris Morduchow 


Foreword 
For f a continuous function on [0, 27] it is well known that 
m Wn on Qn 
lin = fiexgy =f fAxdde. 
m-~ © j=] m m O 


Under what conditions on f does it follow that there is an integer 
m such that 

m 
(1) 2 (O75) = = J aT &(x)dz? 

j=l som m O 

Similar questions have been studied recently by Szasz and Todd', who 
treated the limiting case in which m~ ©, while the region of inte- 
gration is infinite. Krishnan* has considered the case of a suffi- 
ciently large but finite m, and has derived conditions (involving the 
Fourier transform) under which eq. (1) holds when the integration is 
Carried out over an infinite range. 

It will be shown that the answer to the question raised in the 
present note can be expressed, and derived, in a particularly simle 
manner if the function is assumed to be representable by a com lex 
Fourier series. It will be further shown that the familiar Euler- 
Maclaurin formula, which is ,;ertinent here, can lead to a fallacious 
result if due caution is not exercised. 

Derivation of Theorem 

The following theorem answers the above question and its converse 
for a large class of functions. 

Theorem. Let f be a function on [0, 27] whose complex Fourier series 
converges uniformly to it on [0, 2n]: 


(2) f(x) = 5 A explivx), O< x < Qn. 


vy=-@ 


Then for this function equation (1) is valid, i.e. 


(3) 


Ms 


277 1 Qrr 
er a (x) 
— =. 


ale 


j=l 


if and only if 
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(4) 


Proof. First note that 
m m if v km 
2 exp(2rivj/m) = 
j=l 0 if vA4km, k=0, +1, +#2,... 


Hence from (2) 


m 
>, exp [2mivj/m] ) 


But also from (2) 


ae ee 
7 0 fix)dx = Ap. 


Therefore equation (3) is valid if and only if condition (4) holds. 

Equation (3), instead of (1), is used to emphasize the relation 
between the mean value of equally (finitely) spaced values of the 
function and the mean value of the function. Equation (4), of course, 
makes the problem of constructing particular functions which satisfy 
eq. (3) for a given integer m a very simle matter. 
Examples 

(a) Let f be a step function on [0,27] with m intervals of constancy 
each of length 27/m, and let f have left hand continuity at each point. 
Then eq. (1) or (3) obviously holds. Moreover, it is a fairly simple 
exercise to show that for this function the complex Fourier coeffi- 
cients A, are such that A), = 0 for v = +1, +2,... . Hence the condi- 
tion (4) is satisfied by this function. 

(b) For a positive integer p, eq. (3), with condition (4), leads 
directly to the result: 


( m 2n m 27 
1 cos? “ j? a lo cos?x dx 


= 0 when p is odd 


1*3°5+++(p-1) 
» ™ Oe4-6+**(p) 





when p is even 








[s «= -e mm lo ¥ he. 


an i soe 
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if and only if none of l-pl, |2-p|, l4-pl,-"s, |2p-p| are mltiples 
of m other than zero. (This latter condition can be derived by ob- 
serving that cos?x=(1/2)Plexp(-ipx)]-[l+exp(2ix)]? and expanding by 
the binomial theorem). The cases p = 1 and 2 have been applied in 
harmonic analysis (e.g., ref.3). 
Euler-Maclaurin Formula 
It is of particular interest to compare the theorem proven here 

with the implications of the familiar Euler-Maclaurin formula, since 
the latter is essentially an equation of the form (3) with the addition 
of correction terms. The Euler-Maclaurin summation formula, without 
the remainder , can be written in the form: 
[ - 2 

> fl—j) s — So ” fisdas me 5 tf(0) + f(27)] 
j=9 am 

, (n/a) 


. [f’ (2) - f’(0)) +: 


, Pen pba [2n-1] 
I ” (2n)t (n/m s 


(27) - f (0)]) + +++ (n>1) 





where the Bo, are Bernoulli numbers. It might at first sight appear 
from (6) that eq. (3) will be valid for any differentiable function 
f(x) with a period of 27, regardless of whether or not condition (4) 
is satisfied. That such, however, is not the case can be seen either 

by noting that the remainder term (e.g., ref. 4) for (6) after any 
number of terms will then not necessarily be identically zero*, or by 
referring to a derivation of (6). Eq. (6) can be derived’ by assuming 
that f(x) is expressible as a sum of exponential functions. Such a 
derivation involves an expansion of the function (e? - 1)"', where, in 
conjunction with eq. (2), @ would be essentially (27/iv/m). Hence the 

cases of e? = 1, or v = +km (k an integer), would have to be given 
special consideration, and this would be found to lead once again to 
a condition of the form (4). This illustrates the care with which 
infinite-series formlas, such as (6), must sometimes be applied, as 

well as the significance in such cases of the remainder term. 





. f(x) is a polynomial, then the remainder does become identically 


tero after a finite number of terms, and this property can be used, 
for example, to obtain in a simple manner (cf. ref.4) a closed-form 
expression for the sum of the Pth (P a positive integer) powers of 


the first N integers. 
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ONINTEGRATION OF FUNCTIONS 
OF THE FORM e@%X*f (x). 


Reino W. Hakala 


FOREWORD.- & process of induction due to DeMoraan is used to der ive 


a formula by which functions e~9*f(x), where f (x) is capable of 
success ive differentiation, canbe readily integrated. The intecration 
orocess is unusual in that it merely involves finding success ive 
derivatives of f(x), & does not depend in any wav on any orior 
knowledece or differentiation of the final result. 

The usefulness of the formula is illustrated by a few examples: 
a simole proof of the whole-number values of the I’ function, simple 
derivations of the asymptotic expansion of the exponent ial-integral 
function, of the value of another interesting intecral, & of more 
useful exoressions for certain intecrals than are now tabulated for 
them. Two new exoressions for I], also civen here, arose accidental lv 
from such investigations. Some formulas for certain I functions, 
related to these exoressions for I], are derived by induction. The 


b ; 
general function (tax x "dy, where n+ | = b, 2b, 2b, ..., is also 
evaluated, 

INTRODUCTION.- In 1842, Aucustus DeMorgan gave a very interest inc 


derivation of the value of the indefinite integral VeXpdx ("The 
Differential & Integral Calculus". London: Baldwin & Cradock. P. 167). 
He proceeded by induction: 


d 
d dp ¥ po 
— (ep) = e%P + "= Ul + se)? 
0 
x = )4p 
, (| . ix) ; 
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q7! 
Tien, since q,714 = (udx (neglect ing the constant of integration), 
x 


d d 
\e x dy! (e*P) (I + =) 


and therefore 
0 


— “26s Pp 
dx IP 


d 
| eXpax - e%(| -—+ 
dx 
by the binomial expansion. The result is more conveniently written 


(ext (x dx = eX(| - D+ D4 =...) F(x) 


(plus a constant), and is readily verified thru integration by parts. 


GENERALIZATION.- By aoplyina DeMorgan's method to the more general 
function e*9%f(x), it can be easily shown that 
( eta” Dp p2 9 


et AXF (x )dy = tee (21 - a it ie ++) £(x)(plus const. ) 


o F 
= - etax 5 (=) + !D#(x)(olus const.) (1), 
a 


where the ¢'s are taken either all + or all -, and = is the onoosite 
sign. This formula includes DeMoroan's as a special case and is 
very useful as will be illustrated below, 


APPLICATIONS.- 
I. PEIRCE, NO. 403.- The formuta civen is 


axyn 
{ ax Pi ce oo (ay x1 dy, 
a a 
Making the aporooriate substitution in (1), and keeping both signs, 


we find immediately that 


sax n n(n- n! 
\ tar x" dx ss ecumiaies (¥ xy. xn F nr) x2 4 nee + (#1 n+l =z) +C 
a a a 


This result can be abbreviated 


etax n yn-0 
{ax x" dy = = Pep )ot! o: — +(C 
a oOo (#1) () a? , 
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which is both more oeneral and more convenient touse than Peirce 4. 


II. THE I FUNCTION. - If only theminus sian istaken inthe above 
general formula, and the limits of integration 0 and © are applied, 
it is found that 


! 


@ n 
“a n ” = = 
I". X x" dx = Q ( aw) + ors for n 


and diverges for n . Upon reneatedly aonlying 


Cauchy's theorem, 


li lis 
vey OECD = 1 FEEL (XDI, 


the indeterminate form is seen to reduce ultimately to zero. Lettinc 
a = | then aives the special case of the | function. 


III. THE EXPONENTIAL- INTEGRAL FUNCTION.- If we let f(x) = yo! 
and a= | in (1), and take + as -, we can evaluate 


-u 
aX xo! dx : 


\_-x “A Te (i - —- +k ccop wf 
* 


U ! 
er e | 3- 
( wi eX y | dx = 7 (1 + : + ie _ © 
P 


IV. (a) EXPRESSIONS FOR I].- i) Peirce, No. 497, states that 
QO t 
e7~ax x72 

0 


Evaluation of the function bv (I) and factoring out Z vields 


1 
\-ax x72 dx = - 


whereuvon 
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lim e79* co (2 p-1)! y7P 


oda Hay) Gaya 





This result is intricuing, since no limitation was claced on the 
values that a micht assume (exceot that a> 0). It is interesting 
for the further reason that 


(Z o-1)! ; 
(p-1)! Vid 





as will be shown in Part {b), i and iii. 
ii) The last-mentioned relationship prompts us to write 


N= (-1)P T($ + 0) (5 - p)s p= I, 2, 3, 


IV. (b) FORMULAS FORCERTAIN |" FUNCTIONS.- i) Given the recurrence 
relation, P(t + 1) = tlt), and the fact that (4) = V7, we find 
that 








. Mow let n 
_ (20 - I)! va 
(p-1)! 220-1 


It is imoortant to note that this formula does not include I'(3).. The 
latter is given, however, as a limit of the more general expression 
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ii) In view of the above, it can now be stated that 


(See Peirce, No. 494.) 
Altho the formula for I'(o + 3) does not include (4), lettine 


p = Q in this integral cives the correct resul+, whence the value 
given for the integral is quite general (excent of course that 


0 4 GO, ~ ft, = 2, = 3 To 
i a | 3 
iii) If T(- =), T(- 5) se» , are also considered, it is a 
‘ a 


simple matter to show that 





ref oho top fee] a, 
zd L 20 


< 





zo - 1)! | 
(+ bal ar 7 | wre Be Ky 2 By oes 


This does not include I'(3) either, but onlv 


see P(e $)s M+ 5)s PGI) PGs oes 


V. PEIRCE, NOS. 414 & 415.- 


+ 
r 
ae as at 





' s inbx 
e2* sin bx dx = eax | 


[= 


_ pax (aS mee C1 PFe(e (28 bccn 
at - = 3 


bcosbx bésinbx berosbx 
= v sen ‘9 





= e8% (asinbx - bcosbx) / (a4 + b¢) + C, where a> b 


is required for convercence of the infinite series. This is the same 
equation as in Peirce's Tables, except that Peirce does not cive 
the necessarv limitation a > b. The corresoonding function for 
cos bx (No. 415) is readily evaluated the same way; here a > b also. 
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VI. PEIRCE, NOS. 419-425.- The aoplication of formula (1) to 
these functions is quite straightforward (as it always is), but 
working out a brief result foreach of them (as in | & V) is a very 
long and tedious process, and is therefore left as an exercise for 
interested readers with much more patience and spare time than the 


author. 
Another worthwhile, but even more tedious, exercise is to derive 


a formula for 
(228% sin™ px cos” gx dx . 


/; 


To make it even more worthwhile (and tedious!), let m and n be any 
combination of +, -, and zero. 


b : ; ; 

VII. (e®* f¢x)dx.- This formulation includes many interest ing 

functions, but DeMorgan's orocess of induction is unable to handle 

it. However, it is oossible to treat indirectly the imoortant class 
of functions covered by 

or 

with the limitation that n+ | = b, Zb, Sb, ... . 

Anply formula (1) to 


eray yk dy (cf. f 1), 
taking k = (n- b+ |)/b. (The limitation previously mentioned arises 
because k = U, |, 2, 3, «++ «) Multiply both sides of the result by 


x? 


., The desired integral is then found by letting v = 
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A DECISION METHCD FCR 
TRIGONGMETRIC IDENTITIES 


Eliot Chamberlin and James Wolf 


Occasionally one must invest icate a trigonometric equation to see 
whether or not it holds identically, and identity crovine is an 
imoortant industry in triconometry texts and courses. Failure to 
Drove a oroposed identity mav result from the fact that i+ is not an 
identity or from insufficient ingenuity. In this note we oive a 
mechanical lrocedure for decidinc whether certaintyoes of tr iconometr ic 
equations, including the usual identities of triconometry texts, are 
ident ities. Anol ication of the mechanical procedure will not necessar ily 
be the shortest or most instructive method of treating a civen 
identity. Examples are civen at the end, 

1. TRIGONOMETRIC POLYNOMIALS. \|f P(x) is a volynomial in sin 
ajx, cos ajx (i = |,..«.,m) where the numbers a; are rational, the 
following mechanical procedure reauces P(x) to the form q)(sin x/p) 
cos x/0 # ga(sin x/0) for some number n and oolynomials q) and qo. 
Write a; = mj;/9 where p is the least common denominator of the 


i 
numbers a; and m; is an integer, use the multiole ancle formulas 
(which can be produced mechanically) to write P as a oolvnomial in 
sin x/p and cos x/p, and replace cos2"x,o by (1 - sin2x/p)" 


and cos 2"+lxip by (1 - sinéx/p)cos x/n to obtain the above form. 


THEOREM |. If q)(v) and qo(v) are polynomials, q)(sin u)cos 
u + go(sin u) = 0 if and only if all coefficients of q) and q- are 


zero. fr rt. 
a Sys 
For if we have an identity, 4 (sin u) (1 - sin¢u) = q (sin u); 
< 


hence a (v) (1 - v2) = g-(v). But this is imoossible unless 
é, . 


q) and Qo are identically zero since the left hand side has an odd 


number of prime factors (| - v) while the right hand side has an 


even number . 
if P(X), +00y%q) is a polynomial in Sin ajx,, COS ajX;,ee4, SIM 


C jXpy COS CjXy where the numbers Ajyeee,Cj are all rational, the 


above process applied to each variable in turn reduces P to a 
polynomial ¢ in sin x) /py, COS X1/Pyyee+y SIN Xp/O, Where cosines 


79 





76 MATHEMATICS MAGAZINE (Nov.—Dec. 


occur to no higher power than the first. Reveated aoplication of 
theorem | then shows that P = 0 if and only if everv coefficient of 
Q is zero. 

2. IRRATIONAL MULTIPLIERS IN THE ARGUMENT. A set of real numbers 
Dy yeas dy will be called DEPENDENT if r)b, +eee+ Fyd, = 0 for some 


set of integers r),...,r, not all zero, otherwise by ,..+,dy are 
INDEPENDENT . 


THEOREM 2. |f R(x) is a polynomial in sin D)X, COS bixX,..4, Sin 
byx, cos b,x where by,+++,by are indeoendent, let S(v;,...,vy,) be 
the result of replacing Dix, ee+ydyx in R by vj,..+,vy respectively, 
Then R(x) = 0 if and only if S(v),...,v,) = 0. 

Clearly R(x) = 0 if S(Vpy 000M) = 0. Sunpose R(x) = 0; then by 
Kronecker's theorem (see reference [|], theorem 444) for any ‘given 
Viren Ms | b sx (Zr - 0; -v;/27| (i = 1,+++,k) can simultaneously 


be made as small as we please by nroper choice of x and integers 
Di, i.e. sin bix, cos bjx simultaneously take values close to 


sin v;, cos v; respectively (i = 1,...,k). But R(x) = 0, hence 
S(Vj 502+ sM) = 0 by continuity. 
\f Dy yee dy of theorem 2 are not indevendent, there is an 


independent subset and all b; are linear combinations with rational 
coefficients of the numbers of this subset; use of the addition 
formulas for sine and cosine then gives a functton to which theorem 
2 applies. 

The preceding results give a mechanical reduction of the oroblem 
of oroving trigonometric identities to the problem of determining 
whether some real constants (the coefficients) are zero and whether 
some real constants (the multipliers inthe arguments) are independent. 
For rational numbers, this is mechanical. 

Equations involving rational functions of the trigonometric 
functions are often called identities if the two sides of the 
equation are defined and equal except for isolated values of the 
variable. Such identities are easily treated by eliminating al] 
trigonometric functions except sine and cosine, and multiplying 
through by the denominators; these vanish only at isolated points if 
they are not identically zero, and this vossibility can be tested 
by the above methods. 
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EXAMPLE |. |s the followinc equation an identity (in the above 
sense )? 
cos x/2 sin x/6 cos x/6 sin x/2 
2cos x/3 - | : zcos x/3 + | 








(1) 


It is obvious (or use theorem | with u = x/3) that neither 
denominator vanishes identically, hence (|) is an identity if and 
only if 

(2) cos x/2 sin x/6 (2cos x/3 + |) - 
cos x/6 sin s/2 (cos x/3 - |) = 0. 


Using cos 22 = cos¢z - sin2z, sin 2z = 2sin z'cos Z, cos 3z = 
cos(Zz+z) = cos*z - 30s z sinZz, and sin 2z = 3cos¢z sinz - s insz, 
with z = x/6, the left hand side of (2) reduces to C°(-4S) + C°(4S) 


+ (ys? - ys3) where C = cos x/6§ and S = sin x/§. Reduction to a 
polynomial linear inC by use of (4 =| - s2 gives the zero ovolynomial, 
hence (1) is an identity. 


EXAMPLE 2. Is the following equation an identity? 


(1) sin 2x cos¢x + sin 2x cosenx = 0 


The multioliers in the argument are |, 2, 7, Z7, and these are 
rationally dependent on | and 7 which are indeoendent (the lroof of 
this is of course not contained in the above decision method). Then 
(1) is an identity if and only if 


(2) sin Zy cos¢x + sin 2x cos’y = QO. 


Using the method of oaragraoh | first with resoect to x, (2) holds 
if and only if cos x (2sin x cos’y) + (sin 2y - sin¢x sin 2y) 

0, and according to theorem |, this holds only if ay = 2sin x cos%y 
is ident ically zero. Since the coefficient Zcos%y is not identically 
zero in y, (I) is not an identity which is also obvious, in this 
particular case, from setting x = | in (1). 


{1] G. H. Hardy and E. M. Wright, An introduction to the theory 
of numbers, Oxford, 1938 
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CURRENT PAPERS AND BOOKS 


(Ctd. from inside back cover) 


TECHNOLOGICAL APPLICATIONS OF STATISTICS. By L. H. C. Tippett, 
John Wiley and Sons, Inc., New York, 1950, IX + 189 oages. $3.50. 


When a strong American center of learning invites a distinguished 
European scholar to deliver a series of lectures, the result is 
likely to prove gratifying, andwhen the lectures, somewhat amp] if ied, 
appear in book form, the result is likely to represent a contr ibution 
to the subject. This is the situation with respect to Tippett's 
TECHNOLOGICAL APPLICATIONS OF STATISTICS. Mr. L. H. C. Tippett, 
head of the Mechanical Processing Division of the British Cotton 
Industry Research Association, was invited to give a course of 
lectures on the above subject at the Massachusetts Institute of 
Technology, and the book is the "write up" of these lectures. The 
audience for the lectures, we are told, consisced of industrial ists, 
students, and practicing statisticians. The author hopes to reach 
a wider audience with his book. Students study descriptive and 
exper imental physics before undertaking mathematical physics. Our 
author thinks that, similarly, a student should first acquire a 
"feel" for statistics through examples treated arithmetically. 
"The mathematics", he says, "can follow later." "The book can be 

‘regarded as an introduction and companion to a systematic textbook 

in applied statistics." Thus we understand why the author refers 
in a general way "to the textbooks" for mathematical proofs. His 
use of the expression "it can be shown" leaves an unsat isf ied 
feeling with a reader accustomed to mathematical thinkino and should 
stimulate him to further study. 

For a textbook, a teacher thinks of decimally numbered chapters 
and articles with these decimal labels at the top of each page 
and of copious lists of exercises provided with answers for the 
odd-numbered ones. These are devises that aid in the teaching 
process, and these the teacher dogs not find in Mr. Tippett's book, 
but he is compensated by unusually clear exposition accomplished by 
many carefully worked examples. Thus there is no lack of motivation 
as sometimes happens when the student is given much theory without 
his seeing its usefulness to him in solving his problems. But 
the author warns that his "arithmetic method" can only be really 


( Cont inued on page &) 
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CATENARY AND TRACTRIX IN NON-EUCLIDEAN GEOMETRY 


Curtis M. Fulton 


In this paper we give definitions of the catenary and the 
tractrix in Hyperbolic Geometry, which bear a close analogy to the 
corresponding Euclidean definitions. We then show that the well known 
relation between the two curves is preserved. 

We use for our purpose limiting surface coordinates x, y, z. In 
the Hyperbolic Space we consider a triply orthogonal system of 
surfaces which intersect in coordinate curves that are mutually 
perpendicular. Specifically, x = const. is a family of limiting 
surfaces, y = const. and z = const. represent planes. The coordinate 
curves are limiting curves and straight lines, the latter being 
parallel. Let P(x, y, z) and P (€, 7, ©) beany two points and cos , 
cos £, cos y the direction cosines of the directed line segment PP 
with respect to the coordinate curves through P. Then the following 
relations will hold [2]: 








(1) § =x - log (cosh PP, - sinh PP, cos ); 
e*sinh PP, cos p 
ye y + ; 
cosh PP, - sinh PPY cos a 
(2) e*sinh PP, cos ¥ 
C=Zz+ . 
cosh PP, - sinh PP, cos a 


These formulas show quite naturally the metric significance of our 
coordinates. Setting cosa,= 1 in (I), we find € = x + PP, which 
means that x measures distances between the limiting surfaces along 
the parallel lines. If in (2) cos 2= 0 and cos & = |, we have 
7 = y + e*tanh PP. Thus, [5, p. 139], e~* (x - y) is the arc of a 
limiting curve intercepted by two parallels in a plane z = constant. 
As an immediate consequence we record the equations for a translation 
of axes to the new origin (h, k, 1), 


(3) Xexe-h, yse"Wy-k), z= ez - 1). 


Let x = x(s), y = y(s), z = z(s) be the parametric equations of 
a curve with the arc length s as parameter. The direction cosines of 
the tangent are given by [2] 


(4) cos O% =x', cos 6, =e™*y!, cos =e"*z!, 


the accents indicating derivatives with respect to s. These direction 
cosines satisfy the equation 
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(5) yi 2 + en 2X (yr2 + z1 2) = |. 


As a special case we obtain from (|) and (2) the parametric equations 
of astraight line, writingO for the arc length PP. The corresponding 
direction cosines (4) will be 


dé sinh o - cosh o cos & 


a 





do cosh o - sinh o cos 


2 dn cos £6 





’ 


sinho cos a 


cos y 





eS 


cosho - sinho cos a 


We now consider a perfectly flexible string of constant density 
equal to unity. Let T = T(s) > 0 denote the magnitude of the tension, 
which is a tangential force. Let F > 0 be the magnitude of the 
external force per unit mass and designate its direction cosines by 
cos %, cos bp, cos yp. If there is no external force, the string 
hangs in a straight line; T is constant and the direction of the 
tension is determined by (6). If this is not the case, the first 
component of the tension undergoes a change along the element of arc 
As equivalent to 


sinh As - x' cosh As 
T(s + As)x' (s + As) + T(s) 





cosh As - x! sinh As’ 


Kere the subtrahend represents just what would be the tension, if no 
external force were present. Adding AsFcosarto the above expressim 

we must obtain zero, since the element As is in equilibrium. The same 
is true for the remaining components. As As~ 0, we are led to the 
fundamental equations af equilibrium, which, partly with the aid of 
(5), can be written 


T’x'+T [xm + ev 2% (yr2 4 212)] + Foos ‘dedi: 
(7) Te"*(y" -2x'y!) +Tre™*y! + Foos Ar = 0, 
Te™™ (2" - 2x'7!) +Tre"*z! + Foos yp = 0. 

l 


Equations (7) easily yield expressions for the curvature + if 


we take the direction cosines with the opposite signs and define 


| 
F = : for T= |. Cf. [2]. Indicating the direction of curvature 
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by means of the subscript N and using (4), equations (7) may be 


rewritten as 


} cos 4 + T'cos 7 + Fcos f = 0, 


I cos Py + T'cos by + Foos br = 0, 


t cos Vy + T'cos yr + Fcos yp = 0. 


We now assume that the string is acted on by a force parallel to 
the direction of the x-coordinate, so that cosar¢ = | and cos Pe = 
cos yp -0. As we readily observe on account of the last two. equations 
(7), Te~2% yr and Te~2%z" will then be equal to arbitrary constants. 
It follows that y and z satisfy a linear equation, which represents 
a plane cutting the limiting surfaces x = const. orthogonally. 
Without loss of generality we may take this plane as z = 0, in which 
x and y are limiting curve coordinates [5, p. 165]. Thus, equations 
(7) reduce to 


% (Tx') + Te 2% yr2 = - F, 
Te" 2X yr = . 

t 

Here we have written é for the arbitrary constant] y' = 0 would 


correspond tothe trivial case of a straight line. Furthermore we 
may assume é > 0, thus choosing a positive sense on the curve. 


Combining the two equations we can eliminate T and have 


| [ d 2x dx 
= ' — —— = = F 
(8) oY —" ay) + | 


] 

We propose to consider two cases, the first case being that of a 
Suspension bridge. If theacceleration ofgravity acts in the 
direction of the x-coordinate, its magnitude will be ge2* with a 
constant g > 0. Cf. [2] and [3, p. 131]. Assuming that the cable of 
the suspension bridge supports a roadbed of uniform linear density 
on a level x = constant, F will be proportional to y', i.e. F = py, 
Pp > 0. Integrating (8) we obtain 


e2X = - (1 + pC)) (y - C,)? + Ce, 


where C, and C, > 0 are arbitrary constants. Such an equation 
represents a parabola: the locus of points equidistant from a fixed 
point and a fixed limiting curve. 

For our second case we suppose that the string or chain hangs 
under its own weight. Then F = ge2* and making use of (5) we write 
(8) in the form 
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- wo gy 


e2X) 12 





| 
( 


Solving this differential equation by standard methods we find 


| 
(9) cosh gC, (y - Ca) = gC)Co+ I - 59°C, 202% 





y 2g Coe 1 
C, > 0 and C4 being arbitrary constants. Letting 


csch a = V2qC\c, , e7h 
equation (9) can be written in another form, namely, 


e“"y - k) coshta + sinhta - e72he2 
cosh Sinha “cosh a sinh a 








Taking (3) into account, we eventually reduce it to 


y cosh@a + sinh2a - eZ 
cosh = 
sinh a 2 cosh a sinh a 





the equation of a catenary, where the geometrical significance of the 
positive constant a will appear later. It may also be shown that 


T = B(e2h - e2X) , a relation whose mechanical meaning is discussed 
2 


in (4, Pe 322]. 
We now define the tractrix as the plane curve for which the 


length of the tangent intercepted between the point of contact and 
the limiting curve x = 0 is always equal to a. We can express this 
condition by means of (1), taking € = 0, PP, = a, and cos a = x! 
according to (4). Thus, 


x = log (cosh a - x'sinh a) , 


and, using (5) for y' we have at once 





d eX Vsinh*a - (cosh a - e*)* 


dx cosh a - e* 





where we restrict ourselves to x' > 0, y' > 0. The integral of this 
equation is found to be 
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oe ——— 


(11) , sinh a + | sinha - (cosh a - e*) 2 ii 
+ sinh a log - 





sinh2a - (cosh a - eX) 2 



















cosha-e 














Let us set C = 0 in the preceding equation, thus effecting a 
translation (3), so that the tractrix will pass through (- a, 0). It 
is convenient to introduce a positive parameter t equal to the 
logarithm in (II). The resulting parametric equations are 








x = log (cosh a-sinh a sech t) , 
y = - sinh a tanh t + t Sinha. 


(12) 









We could easily show, using (2) that the intercept of the tangent 
of the tractrix on x = 0 equals t sinh a. 

in order to find parametric equations of the evolute [{, p. 192] 
of a given plane curve we return to (4). The direction cosines of the 
with the proper signs for our case, are 











normal, 






(13) cosay=-e “y' , cos hy=x! . 






| 
In this way we find for the curvature -, which was defined in 
connection with (7) R 





-e" *y! x! 


"eX (y" = axty!) 








(14) R = 








x" 4 e~ 2X yd 










Applying (14) to a circle of radius r, its curvature turns out to be 
ctnh r [1, p. 134]. We therefore define the radius of curvature r of 
any curve by means of 







(15) tanh r=R, 





which becomes meaningless when R > |. Carrying over the Euclidean 
definition of the evolute, (1) and (2) will give its parametric 
equations 










§ = x - log (cosh r - sinh r cos q) ’, 


(16) e*sinh r cosby 
7) = + ’ 
cosh r - sinh r cost 








where the proper substitutions from (13), (14), (15) have to be made. 

To determine the evolute of the tractrix (12) it is not necessary 
to actually introduce the arc length. By a simple manipulation we 
Obtain from (12) making adequate use of (5) 






x' = sech t , e*y!' = tanht , 
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and, using (14) 


sinh t 


ctnh a - cosh t 


R = 





With these relations, (16) can be written 


96 


= cosh2a + sinha - 2cosh a sinh a cosht , 
nN : 62enn a8 


Now, elimination of t leads to (10), the equation of a catenary, 
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TEACHING OF MATHEMATICS 


Edited by 


Joseph Seidlin and C. N. Shuster 


This department is devoted to the teaching of mathematics. 
Thus articles on methodology, exposition, curriculum, tests and 
measurements, and any other topic related to teaching, are invited. 
Papers on any subject in which you, @% a teacher, are interested, 
or cuestions which you would like others to discuss, should be sent 
to Joseph Seidlin, Alfred University, Alfred, New York. 


ALLIGATION - IT'S MEANING AND USE 
E. Justin Hills 


Alligation, often called the Rule of Mixture, is a method of 
compounding ingredients. Alligation (Latin - alligare, to bind to, 
to tie up) teaches how to mix ingredients according to any intent 
or design. Thus it can be used to solve quickly any mixture problem. 
It also has wide possible application in pharmacy, merchand isina, 
and other fields. 

There are two types of alligation - medial and alternate. 
Alligation medial is nothing more than finding the mean value of 
a series of values. Alligation alternate is very important since 
it shows how much of various kinds of amounts may be taken to make 
up any assigned quantity of a compound. This article emphas izes 
the importance of getting familiar with alligation alternate. 

| Let us consider a simple all igation alternate problem. Haw much 
% solution and 20% solution must be combined to make a 14% solution? 
By simultaneous equations, we would have: 


5%x + 20%y = I4ZA Sox = 2/5 of A And xty = 2:3 
4 y A y = 3/5 of A 


There are three alligation alternate procedures that can be 
carried out. The first one is several hundred years old. It is in 
Edward Hatton's "An Entire System of Arithmetic", which was’ pub] ished 
in about 1732. Here it is: 


Per cents Differences Therefore 6/15 of desired 
5 6 solution is 5% solution, and 
14 9/15 of desired solution is 


ZU 9 20% solution. 
c 


That is, 2 Te 
ot is, 2:3. 

The second alligation alternate procedure uses olus and minus 
Signs. The second has been used for many years in retailing when 
a retailer is solving certain averaging markup problems. 
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Desired percent 14% 14% 
Given ver cents 5% 20% 
+9% -6%, 

kg 4a 

+18% -18% 


First take the differences of the desired and given per cents, 
noting the sions. Then determine the desired multipliers needed to 
make the plus product equal the minus product. These products give 
the 2:3 ratio that has been noted earlier. 

The third alligation alternate procedure uses a method called 
the 'link method'. Several books printed during the 19th century 
referred to this method. It is used by many pharmacists, and as late 
as 1938 it was used in a McGraw-Hill book entitled 'Pharmaceutical 
Mathematics', by Edward Spease. The following diagram, showing one 
link, is used: 


14 





2:3 


Put the 14 between the 5 and the 20 andslightly above. Disregarding 
signs, take the differences and put them opposite to what is expected. 
Since.6:9 equals 2:3, the same ratio appears again. Since 2 + 3 = 5, 
2/5 of the 14% solution is the 20% solution. 

If we have 20 cc of 5% solution and desire to know how much 20% 
solution is needed to make the desired |4% solution, change 2:3 into 
20:30. Thus 30 cc of 20% solution is needed. 

if three or more amounts are to be combined to make a desired 
compound, the link method is the only satisfactory solution. Such a 
problem cannot be solved directly by simultaneous equations since it 
would have only two equations with three or more unknowns. That is, 
there will be more than one possible solution to such a problem. 

Let us consider a problem with three amounts. How much is needed 
of a 5% solution, a 10% solution, and a 20% solution to make a |4% 
solution? 

First procedure - the oldest one. 


Per cents Differences Each value less than {4 
5 has the difference between 


10 20 and 14 next to it. The only 
value greater than; 4 has the 
20 differences between both per 
cents and 14% next to it. 
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Unfortunately this method gives only one solution. 
Second procedure - the one used in retailing. 


Desired per cent 14% 14% 14% 
Given per cents 5% 10% 20% 
+9% + 4% -6% 





It would be rather difficult to find the needed multipliers so that 
the sum of the plus values would equal the minus value. The 6:6: 13 
found in the first procedure will do it. Note that 


+9% 4% -6% 
x 6 ie 
+5 4% +2U% - 78% = 0 





Many more multipliers can he found when the link method is used, 
Third procedure - the link method. 


14 
10 20 
6 4 
2 








23 


Since there are three amounts, two links are needed. Rewrite 
the given amounts and put the parts of each ratio under the proper 
amount. Under 20, the 2 and 3 must be combined to finally get 2:3:5. 
Since 2 + 3 + § = 10, 2/10 or 1/5 of the desired solution is 5% 
solution, 3/10 of the desired solution is 10% solution, and 5/10 or 
1/2 of the desired solution is 20% solution. 

Since 3:2 = 6:4 or 2:3 = 4:6, two other possible solutions would 
be: 10 10 20 

3 








4:3:8 


in like manner many other combinations can be determined. To get the 
answer found in the first procedure, and used in the second 
Procedure, merely change 3:2 to 6:4 and 2:3 to 6:9. Or use the 
values found originally before the ratio values were reduced. 
That is: 20 
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if there are more than three amounts being combined, the first 
and third procedures can be carried out by at least four ways, and 
the second Irocedure would be used for check purposes only. We can 
have two links, three links, ir four links when using four amounts. 
We can have as many as seven links when using five amounts, or only 
three links. 

This time let us match the first and third procedures using four 
amounts. Consider the following oroblem. How much is needed of a 5% 
solution, a 10% solution, a 15% solution, and a 20% solution to make 
a 14% solution? hote combinations a), b), c), and d). 

a) By first procedure By third procedure 

14 
Per cents Differences 5 10 {5 20 


: wens 


10 





14 
15 
20 
6: 1243S 
b) By first procedure By third procedure 


14 
Per cents Differences 5 10 15 20 


eee 


5 | | 4 
10 | + 6 | 13%} 
14 [ ; = 
15 y+ 9 1:9 
| 


20 6 
is7s4er4 6: | 





c) By first procedure By third procedure 
14 
Per cents Differences 5 10 15 20 
5 | 
10 6 
14 





15 
20 
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d) By first procedure By third procedure 
14 
10 15 20 10 15 20 


Soitemieaiammetene al 


1 4 


Per cents Differences 


5 yr 6 
10 y+ 6 
14 [ 


15 4 +9 
20 4 


1:4 
9 
1:9 





5 
9 
7272133 43 | 3:2 
6 





2:3 


Note that the links in the third procedure match perfectly the 
differences taken inthe first procedure. Also note that any 
difference used orany link drawn must involve two amounts one less 
and one greater than the desired figure. 

it is the hope of this writer that you can make good use of these 
ideas and canfind many applications. The writer has used this set of 
ideas in his classes and insome of his writing, especially in 
retailing. The response has been very interesting. None of these 
procedures are new, they have just been brought up to date. 


Los Angeles City College 
( Ctd. from page 78 ) 


Successful if the student works through carefully all of the 
numerical examples. "They are treated as problems in technolooy 
as well as in statistics." The data for these examples are from 
actually published research; no fictitious data are used. Nor is 
there the usual collection of statistical tables. Only a few specif ic 
references are given in the footnotes, but a general bibl iography 
of twenty-one well-chosen and classified books and pamphlets is 
appended at the end of the book. 

A recent writer remarks that quality control has become almost 
a cult in the industrial world. Mr. Tippett appropriately starts 
his book with this important subject. Part | of the book is entitled 
THE ROUTINE OONTROL OF (UALITY and includes about one-third of the 
total number of pages. It discusses control charts, including the 
control of the fraction defective, and acceptance sampling. The 
latter subject is especially well-treated in the longest chapter 
of PART I although the author tells us, "here we deal with only 
a few s imple situations for the purpose of introducing the main ideas 
and quantities used in sampling inspection." PART II, INVESTIGATION 
AND EXPERIMENTATION , resembles a course in general statis ics with 
all applications, of course, in the industrial field. Some of the 
topics are: theory of small samples, analysis of variance, and 
correlation. Analysis of variance is treated to greater length than 
the other topics, and use is made of the almost universal lv acrentad 
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tabular form for presenting the results of the computations. Simple 
and multiple correlation are discussed, but partial correlation 
is only mentioned. The theory of correlation is carried to the point 
of testing the signific nce of results by means of the var iance 
ratio F. The final chapter deals with planning an investigation. 
The whole book demonstrates the very important place that statistics 
has attained in modern industry. 


University of Arizona R. F. Graesser 












MISCELLANEOUS NOTES 


Edited by 






Charles K. Robbins 












Articles intended for this deportment should be sent to 
Chorles K. Robbins, Department of Mathematics, Purdue University, 
Lofoyette, Ind. 









MATHEMATICAL THINKING AIDS IN INTELLIGENT CITIZENSHIP* 






Alice Patricia Kenny, Albany Hich School, Albany, New York 





Functions of ancles and the Pythagoran Theorem have little use 
as such in everyday life. Students not olanning mathematical or 
scientific careers often wonder why algebra and ceometry are required 
for collece entrance. 

The study of numbers teaches one to set down ideas in locical 
order, and from specified facts to oroceed in definite caths to a 
final conclusion. Perhaos the stens and reasons requisite to a 
geometric oroof are best illustrative of this orocess. From the 
given mater ial one extracts an idea leading in the direction of the 
desired result, and by means of rules and postulates builds uo a 
solid superstructure, each compoonent of which fits harmoniously 
and essentially into the whole. 

The citizen whohas studied mathematics will avoly his understanding 
to the issues broucht before him for his consideration. He will take 
the given facts, by basic rules develop what he learns, and build 
un a solid core of informed onvinion. This core will be able to 
withstand attack and succeed in argument, 

A habitually mathematical thinker keeos his thouchts in order, 
Not only is he able to make wise decisions on orave issues; he is 
a better adjusted person when his mind is clear of extraneous matter. 

The human mind cannot be entirely coverned by mathematics; 
consequently mathematics will not save theworld. But minds condit ioned 
to clear thinking can bring a saner atmosohere to national and 
international relations. It is thus easily conceivable that the 
study of mathematics will aid in providing tomorrow's democracy 
with wise leadership. 





























Submitted by Sister Noel Marie C.S.J. 






*One of the essays submitted in a contest sponsored by the 
Mathematics Department of the College of St. Rose, Albanv, New York 
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THE CAT 


| wonder if the cat on his ninth lap (eight lives expended) 
calculates while purring, "Eleven ver cent is roughly what |'ve left: 
what's cone is eichty-eight-voint-eiaht...recurrino.” 


London Punch, page 293, Sept. 12, 1951 


Submitted by ’. R. Ransom Tufts Colleae 
CN TOPOLOGICAL REPRESENTATION OF GROUPS 


In the March-April issue of this magazine D. Ellis oroves that 
every countable group can be reoresented as a crouo of motions of a 
metric space. In view of this the following observations, while 
quite trivial, may be of some interest. 

Let X be a topological space, let | be a set of indices, and 


let X! be vrovided with the customary product topology. Then it is 
clear that any group G of permutations of | is isomorphic with a 


group of homeomorphisms of X! onto itself, under the correspondence 
which assicns to every ¢ € G the homeomor phism 


(x;| ie |) (x9(i)! ie!) 


In this way every crouo G can be represented as a crouo of 
homeomorrhisms of X% onto itself. 

Taking X to be the discrete two-point space whose elements are 
Q and |, we deduce: 

|. Every croup is isomorohic with a group of homeomor chisms 
of a compact totallv disconnected Hausdorff space onto 
itself. 

z. Every countable infinite croup is isomorphic with a 
group of homeomorphisms of the Cantor discontinuum 
onto itself 

Taking X to be the closed unit interval, we deduce: 

|. Every infinite croup is isomorphic with a group of 
homeomor ohisms of a compact connected Hausdorff space 
onto itself. 

z. Every countable infinite group is isomorphic with a 
Grouo of homeomorphisms of the Hilbert cube onto itself. 


Burroughs Corporation Joel Pitcairn 





PROBLEMS ANC QUESTIONS 
Edited by 


Robert E. Horton, Los Anaeles City College 


Readers of this department are invited to submit for solution 
problems believed to be new and subject matter cuestions that may 
arise in study, in research, or in extra-academic situations, 
Proposals should be accompanied by solutions, when available, and by 
any information that will assist the editor. Ordinarily, problems 
in well-known textbooks should not be submitted. 

Solutions should be submitted on separate, signed sheets. 
Figures should be drawn in India ink and twice the size desired for 
reproduction, 

Send all communications for this department to Robert E. Horton, 
Los Angeles City College, 855 N. Vermont Ave., Los Angeles 29, 
California. 


PROPOSALS 


181. Proposed by C. W. Triag, Los Angeles City Col lege. 


Each word or phrase in the following semi-coherent story is a 
mutation of the name of a mathematician. Identify: 


(1) BREAD LOVER, (2) HIRES GAL, (3) GAVE, (4) CHEF LIST FO, 
(5) MEAL, (6) MAKE RUM, (7) RAW GIN, (8) GREEN NOG, (9) GLEAN, 
(10) GUY'S HEN, (11) DRIED TO, (1Z) OUR FIRE, (13) SO IN POT, 
(14) RUIN A CLAM, (15) STIR OUT SAND, (16) NO PEA, (17) ELK IN, 
(18) AY! BOIL, (19)SOUP IN OLLA, (20)SKIN COD, (21) USC CORN PIE, 
(22) HER COB, (23) IS LEFT, (24) NO HAM, MAC, (25)COP CAKE, 
(26) FUMED CAFE, (27) HAL SET, (28) HUT TABLE, (2S) ATE THE SUET, 
(30) ATE LOT, SIR, (31) SETS 0. K., (32) NICE MODES, (33) SEE: BULGE, 
(34) MAR BELT, (35) TABLE RIM, (36) INK MARK, (37) THEREON, 
(38) SHAME. 


|G. Proposed by E. P. Starke, Rutgers University. 


- > 7a 
a) Show that fod= 2 (5-, 2, v0 
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Where the brackets indicate the greatest integer function and v(k) 
is the number of divisors of k. 


b) Is there any limit to the ratio f(a)ja as a> ™ ? 


183. Proposed by D. L. MacKay, Manchester Depot, Vermont. 


Construct atr iangle ABC having given, inoosition, the circumcenter 
0, the foot D of the altitude from A and the point of intersection 
U of the bisector of angle A with the side BC. 


184. Proposed by T. F. Mulcrone, Spring Hil! College. 


Show that in the sequence |/n, 2/n, 3/n,..., (n-1)/n, where n 
is a positive integer greater than 2, an even number of the terms 
are fractions in lowest terms. 


1&5. Proposed by Francis L. Miksa, Aurora, |1|inois. 


Four players, A, B, C, D, sit around a circular table. Each man 
has a number of matches in front of him. They plav a match game as 
follows. First A removes enough matches from his pile and gives to 
his three other friends enough matches to miltiply their holdings 
by 2, next B removes enough matches from his pile and gives to the 
three other players enough matches to muitiply their holdings by 
factor 3, continuing C uses factor 4, D uses factor 5, A uses factor 


§, and lastly B uses factor 7. 
After those six plays it is found that each man has exactly the 


same amount of matches he started with at the begining of the game. 

What is the smallest number of matches each man could have at 
the begining of the game? Develop a formula for N men, n plays, 
n>N, and n different factors. 


188. Proposed by Edwin C. Gras, US Naval Academy. 
Prove the following identity involving binomial coefficients: 


r ne+r 
- C . = = Ve 
we k- | r . 


SOLUTIONS 
Late Solutions 


150. Thomas F. Mulcrone, Spring Hil! Col lege. 
155. John Link, Wisconsin High School, Madison, Wisconsin. 





PROBLEMS AND QUESTIONS 


Integer Triples 


151. [March 1968] Proposed by E. P. Starke, Rutgers University. 


Show that there are infinitely many sets of three intecers whose 
product equals the sum of their squares. 


|. Solution by Harry M. Gehman, University of Buffalo. If 
(a, b, c) is a solution of xyz = x44 y4 + 22, then (ab -c, a, b) is 
also a solution. Moreover if a2b2c20Q, and if b 22, then 
ab - c > a2b, and the second solution is different from the first. 
Thus from the solution (3, 3, 3), an infinite number of other 
solutions may be generated: (6, 3, 3), (1b, 6, 3), (87, 15, 6), etc.. 


11. Solution by Joseph Rosenbaum, Hartford, Connecticut. Observing 
that (3, 3, 3) is a solution it is verified that if (x, y, 3) is a 
solution, then (x', y', 3) is also a solution where x' = 2Ix - 8y and 
y' = 8x - 3y. The initial solution (3, 3, 3) together with the 
transformation aives an infinite sequence of solutions. 

Also solved by Thomas Griselle, C. W. Trigg, and the oroposer. 

The proposer pointed out that the corresoonding oroblem with four 
integers admits the same treatment and yields the analogous result: 


all solutions of x2 + y2 + z2 + w2 = kxyzw are obtained from 
(2, 2, 2, 2) with k = | by use of the fact that whenever (x, y, Zz, w) 
is a solution so also is (x, y, Zz, w') where w! = kxyz - w. 

For five or more letters, again an infinite sequence of solutions 
can be obtained from a given solution in the same manner, but it is 
no loncer true that all solutions arise from one basic solution. 

Some interest attaches to the problem of finding three integers 
whose sum of squares is a divisor of their product. For arbitrary 
k, there are solutions for 


(5) k(x2 + y2 4 z2) = xyz, 


We need only take x = kx', y = ky', z = kz', where xt2 4 yt2 + 712 


= x'y'z! as determined above. These are not the only solutions. In 
fact, let x', v', z' be arbitrary integers and put P = x'y'z', 
S = xtZ, yi2 + z'2, Then k = P, x = Sx', y = Sy', z = Sz! will 
satisfy (5). 

Solutions in which x, y, z are relatively prime in pairs may be 
obtained by among others, the following procedure. Suppose k is a 
divisor of z (k must be a divisor of xyz) and put z = ak. Then (5) 
reduces to a quadratic Diophantine equation from which solutions are 
easy to find for each value of a. To obtain solutions in relatively 
orime integers we will need to note that a is a divisor of x2 + yé 
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and that a - Z and a + Z are divisors of (ay - ax)2 + (2ak )2, 
nf 

However, no divisor of ué + v2 can contain a orime factor of the form 

4c - | unless both u and v are divisible by the same factor. Hence, 

possible values of a are limited. Details are cuite routine but 

rather tedious. Some examoles are: 


k = |2, x = y 
9 


= 929, z = 1752; 
k = 18, x = = 465, 


6 Z = 2628. 


From any one solution an infinite sequence of solutions may be 
obtained by noting that, if (x, v, z) is a solution of (5), so also 
is (x, y', z) where y + y' = xzjk. Since z = ak, y' is an integer, 


A VARIABLE TRIANGLE 


162. [March 1953] Proposed byHoward Eves, State University of 
New York. 


A variable triangle A'E'C' of constant area is inscribed in a 
triangle ABC, so that A' lies on BC, B' on CA, and C' on AB, If 
AA' BE', CC' are divided by A'', &'', C'', resnectivelv, in the 
same ratio, show that the triangle A''B''C'' has a constant area. 


Solution py C. W. Trigg, Los Angeles City College. Let the 





vertices of ABC be A(0,0), B(a,0), C(b,c), and the vertices of A'BIC' 
be A' [a - » (a - b), oc], B' [(1 - m)b, (1 - mjc], C' [na, oO]. 
Then let the lines AA', BB', CC' be divided in the ratio r by A'' 
{r [a-o0 (a-b)], oer}, B'' {a-r [a- (1 - mb], r (I - mjc}, 
C'' {b-r (b- na), (1 - r)c}. Now denote the areas of APC, A'B'C', 
and A''B''C'' by S, K, and S'', respectively. 





1953) PROBLEMS AND QUESTIONS 


Then we have 


a - p(a - b) pc | 


ac 
K=2] (1 -m)b (l-mjcl}] =—-{l-m-n-p+ m+ no + om} 
Vi 


na 0 | 
S{l-m-n-p+ mn+no+ pm}, 
In like manner, 
r [a - o(a - b)j ocr | 
S''=5 ]a-r [fa- (1 - mb) r(l-mec | 
b - r(b - na) (l-rjc | 





rar me | r[a-o(a-b)] 0 | 
(1-mjcr i} + 2)  r(l = m)b 0 | 
U | rna (1 - rye | 
0 
a(l -r) (I 
b(l-r) (I 
-r£K +4 ac(r - 1) (27 - 1)/2 = r4 K+ S(r - 1) (2r - 1), 


Hence, S'' is a constant since r, K, and S are constants. 


AN INTEGER PROBLEM 


153. March 1968 Pronased by P. A. Piza, San Juan, Puert Rico. 


(1) Find vos itive integers A, B such that (A + Bye = 109 A+ B, 
(2) Find vositive integers C,D,n such that (C + D)*" = 109 C+D. 


Solution by C. W. Trigg, Los Angeles City College. (1) Let 
B=k-=-A, then ké - k - 999,999A = 0. Hence we seek values of A 
such that two factors of 959,99SA differ by |. We note that A = 
| ,000,000 leads to the trivial solution B = 0. 

Now let the comlementary factors of 999,999 = 39. 7.11 . 13. 37 
be mand n, m< n. Then njm = 0 + rjm. There is a smallest vosit ive 
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solution, s;, of rs = | (mod m) if mand n have no common factor, 


SO ns;/m = q,; + lym. That is, ns; = mq; + | and A = q) s), k = nsj, 
B = (n x q) )s, and 999,S99A = MNG | Sj + 

We also may find a smallest positive solution, sy, of rs = - | 
(mod m), whereupon nsy/m= qo - Ijm, Or ns_ = mg - |. Then A = qoSo, 
k = nso + 1, B = (n - qo)sy + 1, and 999,999A = mngosy. It follows 
from rs) =|, rso =-|, r2sp2 = |, that S| = $9 (rso + |) - So 


and s; + So = 0 (mod m). 
Hence s; + So = m. 

Furthermore, since q) = ps; + (rs; - |)jmand qo = psy + 
| )jm, it follows that By - By = n(so - 8) + (p + r/m) (s)* - s¢) 
- (Ss) + Sz)/m+ 1 = m(sy - 8,) (n/m - 0 - r/m) = 0. 

Hence Bo = By. 
Thus for each set of values of m, n, r, 3 there are two sets of 


values for s, q, A. The thirty possible solutions cf (i) follow: 
m n r 8 q A B 


27 3707 20 23 31550 725650 126201 
5487 21948 


5291 188 5262 S89444 
28 28 


100 2256 44 SSH 
Hitt 108878 


4| 111Z 152344 
1737 371718 


501 250500 
500 249500 


20408 20408 122449 
122449 734694 


12481 923594 37444 
506 1518 


487 4641 94 217124 
3502 101558 


3056 626480 165025 
855 43470 





PROBLEMS AND QUESTIONS 


n s q A B 


90909 74380 669420 148761 
16529 33058 


6998 S| 2494 127194 
92 4499 413908 


2457 190 1147 217930 
1310 284270 


76923 7 41420 28°90 
6 36503 213018 


2079 155 90 389 35010 
39l 1690 660790 


37 27027 17 24 17531 420744 

13 94.96 123448 
(z) Consider (C + D)X = 108 C + D where x-> 2, and let D=k-C. 
Then k(k*"! -1) = 969,999C. Let $99,999 = mn and C = yz. Now k =C 
leads to the trivial result D = 0, and if k = 999,999 then kX~! - | = 


C. But this cannot be, since k > C. Hence k = my and fal a a a 
Then since k >C, m>z. Thus for any complementary dair m, nan 
upper limit for nz + | is easily established, as well as a lower 
limit for k or my. Within these bounds it quickly becomes ev ident 
that no solution for C, D exists for x > 2. 

Also solved in part by Leor Bankoff, Los Angeles, California and 


the proposer. 


KEYS TO FOUR DOORS 


154. [March 1963] Proposed byJ. M. Howell, Los Angeles City Col lege. 


There are four doors and four keys, each of which fits one and 
only one door. What are the orobabilities that all the doors will 
be opened in exactly k trials (k = 4, 5,..., 10), where the trying 
of a key ina lock is considered a trial? 

Solution by W. wW. Funkenbusch, Michigan College of Mining and 
Technology, Sault Ste. Marie Branch. Let us first postulate the 
following (S for Success, F for Failurg: 


Postulate |: The last two trials must be S's 
Postulate 2: Both the (k - 3)rd and (k - 2)nd trials can not 
he F's 
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Postulate 3: The only possible situation in which there could 
be three consecutive F's would be the first three 


trials. 


This obviously can hanven in only one way (i.e.) four 
consecutive S's for which the orobabilitv is obviously 


| 

—_— or— 

4! 24 
As a prelude to the analvsis of the following cases let us state 
that the number of ways that they could occur surely has an uover 
limit of C(K - 2,2). This follows from a consideration of vostulate 
1. In order to determine the number of ways that a certain value 
of k can exist, we are able then to set C(k - 2,2) as the unper 
limit and to reduce this number of ways by the use of vostulates 2 


and 3. 


Case k = §: C(3,2) = 3 ways, none of which are eliminated by 
ovostulates 2 or 3, and each way mav be seen to have 


an existence probability of 7) therefore the orobability 


that all four doors will be opened in exactly five 


trials is 3 or - 
4! og 
C(4u,2) = 6ways,of which the wav SSFFSS is eliminated 


by vostulate 2. Each of the five non-eliminated wavs 
ie | 
may be seen to have an existance probability of "7 


therefore the probability that all 4 doors will be 


ovened in exactly § trials is b or — 

4! 24 
C(5,2) = lo ways, of which SSFFFSS is eliminated by 
both postulates Z and3, FSSFFSS and SFSFFSS by pvostulate 
2, and SFFFSSS by postulate 3. The non-el iminated ways 
then total 6, each of which has an individual existance 


orobability of therefore the orobability that al] 
4! 
four doors will be ovened in exactly 7 trials is 


5 | 
— Or = 
4! m 
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C(6,2) = 15 wavs,of which bythe use of nostulates 
2 and 3, we can eliminate all but 5, each of which 





ar : tt | 
has an individual existance provability of ~ therefore 
24 






5 
the desired probability is — or — 
yen 
C(7,2) = 2| ways, of which, by the use of postulates 
Zz and 3, we can eliminate all but 3, each of which has 





" 
Oo 


Case k 









ae : oe | 
an individual existance orobabilityv of — therefore 
2 | +. 


the desired orobability is — or - 
4! 8 


Case k=10: It is obvious that this could haopen in only the 
following way FFFSFFSFSS, which way it is seen has 








; sai | 
an existance orobabilityv of — 
a ak 





Also solved by Abraham L. Epstein, Boston, Mass.; f’. F. Heller, 
Eastern Illinois State College; Sam Kravitz, East Cleveland, Chio; 
Lawrence A. Ringenbera, Eastern Illinois state Collece; William 
Small, Rochester, New York; C. W. Triga, Los Angeles City Co! lege, 
and the pronoser. 









A LOCUS OF ARC MIDPOINTS 








155. [March 1963] Proposed by Leon Bankoff, Los Anceles, California. 






A line segment is divided into two oarts a and k - a. On each 
of these parts as a diameter a semicircle is drawn. Find the locus 
of the midooint of the line comnosed of the arcs of the semicircles. 






Solution by L. A. Ringenbera, Eastern IIlinois State College. 





Consider first the locus for a in the range k/2 < a < k. The total 
length of the two semicircles is 7/2. Point P is located so that 
arc OP = 7k/4, arc PQ = 7(2a - k)/4. Then PR°26 = arc PO, ad = 
m(Qa - k)jy, & = (7/2) - (kn/4a), 0S 6 < 7/4, a = kn/(27 - 46), 
r = acos 6, and 
(1) r = (kncos 6)/(Z27 - 46), O05 6s my/4. 

Equation (I) is the polar equation of that oart of the locus ar is ino 
from a-values in the interval (k/2, k). The ooints S(k;2, WU) and 
T(k/22, 7/4) are the endpoints of the arc (1). 
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Along (1) we have A ~ 

k | mcos*@ - | | > 0 
m=-26 

This last inequality follows from the relations 


x - kj2 = r cos 6 - k/2 = 


#(6) =n cos¢6 - 7 + 26=0 if 6= 0 or 7% 
#'(6) = = 7 sin 26 + 2 
f''(6) = -2ncos 26<0 if 0<6< n/4 








Therefore arc (1) joins S and T and lies to the right of the segment 
ST. The desired locus for a-values in the interval (0, k/2) is the 
reflection of arc (|) across the segment ST. The total locus is 
either a smiple closed curve with corners at S and T or an S-shaved 
curve without corners if semicircles are on opnosite sides of the 
segment. To aid in sketching we determine the tangents at S and T 
using elementary calculus: tan a = 7/2, tan 6 = 2j(7 - 2). 


Also solved by C. W. Trigg, Los Angeles City College and the 
proposer. 





PROBLEMS AND QUESTIONS 
MAXIMUM SEGMENTS IN AN ELLIPSE 


166. [March 19463] Proposed by W. B. Carver, Cornel! University. 


What is the maximum length of a line segment that can be drawn 


in the smaller seqment of the ell ipse b2x2 + a2b2 = adb2 cut off by 
the line x = h, a>b, 0O<h < a? 

Solution by the proposer. Let the line x = h cut the ellipse 
at the points A(h,c) and B(h,-c), where 


b at - h2 
(1) C = > g 





It is rather obvious that the required maximum line segment must 
be a chord with one end at A or B, say at B, and the other end at 
some ooint P on the minor arc AB. The oroblem then is to find the 
maximum length of. the chord BP as P moves over the minor arc AB from 
A to B. It will be convenient to use as a narameter the reciprocal s 
of the slope of the chord BP. The slone of the tancent to the ellipse 


at B is béhjate or bh/(a | 92 - h2): and if we let 
ate =a Jat - h2 





°0 = 52h ~~ bh 

we see that s varies over the interval 0 $s < Sg as P runs from 
AtoB. 

We first find the variable lenoth X of the chord PP as a function 
of s. The equation of the chord is 

s(y +c) =*-=h. 

Solvina this equation with theequation of the ellipse, and discardino 
the solution x = h, y = -c, we find the coordinates of P to be 


| ath + 2atcs - beh s¢ ade - 2b2hs - becs2| | 





at + bésd_ : at + bésé be 
and we then have 


| azh + 2a2cs - b2@hs2 nl = - 2b2hs - bees2 f 
- + + 
a2 + bés2 a2 + bés2 








a % 


\ yu(ate - b2hs)4(1 + s2) 
(a2 + b2sZ)2 





’ 
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g(atc - b@hs) J 1 + s2 


R 4 
az . bhésé 


NX = 





We consider the variation of this function A(s) over the interval 
0O<s So. It is evident that A(0) = 2c and (so) = 0. 


Differentiating we have 


a] al 


Der 2 {adbecs3 + b2h(2a2 - b2)s2 . ate(aZ - 2b4)s + a@b2h} 
(a2 + b2sZ)2 | | + s¢ 


and this derivative vanishes when 





(3) adbecs3. + b2h(2a2 - b2)s2 - atc(ae - 2b2)s + atb2h = Q, 


Case |, in which at < Zbe mav be disposed of at once. In this 
case all the coefficients in equation (3) are positive (or zero), 
and DA is therefore necative for all values of s in the interval 


under consideration. Thus for ellioses nearly circular (a2 < 2b2), 
whatever the value of h, the maximum chord from B is the bounding 
chord BA of length A(0) = 2c. gs 

In what follows we assume that a2 > 2b¢. In equation (3) the 
coefficient of s is negative and all the others are oositive, and 
hence there is just one negative root s,; which has no significance 


for our oroblem. The discriminant of the cubic equation is (omitting 


+he positive factor yatb®) 


A = ad(at - 2b2)3 - (a2 + b2)S(a2 - b2)h2, 


This discriminant is negative, zero, or vositive according as h2 is 
greater than, equal to, or less than k, where 


(4) B=. a4 (a2 - 2b2)3 
(a2 + b2)3(a2 - b¢) 





We consider two cases: 
Case Il, h2 > k: equation (3) has two imaginary roots or a 
vositive double root. 


Case III, h¢ < ks equation (3) has two positive roots, so 
or, when h = 0, the root So = 0 and a positive root sz. 

In case Il, D.A is negative throughout the interval 0 < s + Sg 
(except that it is zero at one point when h¢ = k), and hence 2 decreases 
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continuously as s increases and the maximum chord from B is the 
bounding chord BA of length A(0) = 2c, as in case |. 
In case I11, the two positive roots of equation (3), s 


h So 
a’ Ss 


are both in the interval 0 < s < So, and we have 
DA <0 for 0<s< Soy 
DA > O for $9 < $8 < 83, 
DA > © for so < $s < Sq. 
It remains then to determine whether the maximum value of A is A(0) 


or the relatively maximum value A(s2). We first find the condition 
under which these two values of A are equal. For this we must have 


(5) A (s) = 2c, 


and also equations (1), (2), and (3) must be satisfied, where s in 
these equations means the critical value So. From (1) and (2) we 
decuce 








at {(a2 - 2b¢) - bés2} wF b2 {a2 + (2a2 - b2)s¢} , 
Cetyidd. 8 8. teed 


h = 


’ 


and outting these values of h and ¢ in (2), we have 
2atb4(| — s2)9/2 


(a2 * bés2) baie? + bd 


Then equation (5) cives us 


k © 





a2(| + 92)3/2 


s2 {ast - (at - adb2 + b¥)s2 - adZ(aé - 2b2)} = 0. 


S$, cannot be zero, we must have 
v 





r 


«ah spate o wt « 4) cal ete? + ly? + ue2(a2 + 202) 





Zar 
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This value of .. put into equation (6) gives us 





12 a2 {(atb2) (2a't+a2b2+17b4 )-b2(5a2-be ) | (5a2~b2 )(a2-b2)} 
2(a2+3b2)2(a2-b2 ) 


It may then be verified (though the details are rather long and 





< > 
tedious) that A(sz) 5 2c according as hé = @. Hence we have the 


following results for case III: 

when h2>g, the maximum chord from B is the bounding chord BA: 

when h2<q, the max imum chord from B is the chord BP with slope 
| /S33 

when h2 = g, the bounding chord BA and the chord BP with slope 
1/S3 are equal maximum chords from B. 


Since it may also be verified that 


when a@ > 2b2, 0 g < k 
when a2 2b2 , 0O=g=2k 
when at < 2b2, g<@< @ 


it follows that the results stated above for case ||| are correct 
also for cases | and ||, and hence give the complete solution of 


the oroblem. 


QUICKIES 


From time to time this department will publish problems which 
may be solved by laborious methods, but which with the proper insight 
may be disposed of with dispatch. Readers are urged to submit their 
favorite problems of this type, together with the elegant solution 


and the source, if known. 

Q 100. Exoress (a,2 + b)2) (ap¢ + bot )(ag4 + by?) as the sum of two 
squares. [Submitted by M. S. Klamkin. ] 

Q 101. Find integer solutions of x2 4 y2 = z3, [Submitted by 
M. S. Klamkin. ] 


Q 102. Prove that no three lattice points of a square lattice form 
vertices of an equilateral triangle. [Submitted by Leo Moser. ] 
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ANSWERS 
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CURRENT PAPERS AND BOOKS 


Edited by 


H. V. Craig 


This department will present comments on papers previously 
published in the MATHEMATICS MAGAZINE, lists of new books, and 
book reviews. 

In order that errors may be corrected, results extended, and 
interesting aspects further illuminated, comments on published 
papers in all departments are invited. 

Communications intended for this department should be sent in 
duplicate to H. V. Craig, Department of Applied kathematics, 
University of Texas, Austin 12, Texas. 


INTRODUCTION TO THE THEORY OF STATISTICS. fy Victor Gord icke 
Harper and Erothers, New York, 1953, 286 .aces, $4.50. 


This book is a readable oresentation of the basic theory behind 
the most frequently used branches of statistics, tocether with 
apolications. In addition to classroom use, it is intended for neonle 
who use statistics and wish to learn more about the theorv. I[t 
differs from other textbooks in that (|) the stvle is less formal, 


(Z) the theoretical treatments reyuire only aloebra, and (3) it 
oresents a fresh aporoach to the locical basis of correlation 
theory. The final chaoter, entitled "Statistics and Common Sense", 
is a non-mathematical discussion of the pitfalls which arise in 
practical aoplications. 


Ohio University Victor Goedicke 





A HIGH LEVEL TREATMENT OF THE MATHEMATICS 8EHIND PRORABILITY 
THEORY - "STOCHASTIC PROCESSES". By J. L. Doob of the University of 
Illinois was published in March '53 by John Wwilev & Sons, 654 on., 
S1U.U0. 


The lack of published backcround material in this field has led 
Dr. Doob to suoply elementary definitions and theorems in detail. 
Then, he coes on to develon the mathematical basis of his sub ject 
with the results stated in orobability lancuace. 

The processes covered include: processes withmutually independent 
random variables; processes with mutually uncorrelated or orthoconal 
random variables; Markov processes - discrete and continuous 
parameter; and martincales. Processes with independent and orthocona] 
increments, stationary processes — discrete and continuous oar - 
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ameter; and martingales. Processes with independent and orthogonal 
increments, stationary processes - discrete and continuous parameter, 
and linear least squares prediction - stationary (wide sense) 
processes are also covered. 


John Wiley & Sons Richard Cook 





FINITE DEFORMATIONS OF AN ELASTIC SOLID. By F. D. Murnaghan. 

In this short text, the author furnishes many interest ingresults 
in the finite deformation of elastic solids as well as an elegant 
and unified theary. Some of this theory has been previously developed 
by the author and others in published papers and other oarts seem 
to be completely new. Though the principal tool is matrix theory, 
a reader with a fairly elementary knowledge of this subject should 
be able to follow the arguments of the text. The problems contain 
many hints as to solution and often furnish additional information 
on the theory. 

There are three parts to the text. First, the author furnishes 
an introduction to those topics in the mathematical theory which are 
used in the remainder of the text. Then, the develooment of the 
elasticity theory is given. Finally, applications are made to several 
problems in finite deformation. 

The matrix concept is introduced by considering functional 
relations andtheir Jacobians. Further, the following formal properties 
of matrices are discussed: addition and multiplication, the transpose 
and inverse, unitary, orthogonal Hermetian and symmetric matrices. 
Many of these topics are treated in the problems. Of particular 
interest and later use are: the treatment of the matrix element of 
area (the counterpart of the bivector in tensor analysis), and the 
reduction of a linear operator (a second order tensor under the 
unitary group) to canonical form. 

Two methods of specifying strain are used: (1) in terms of the 
Cartes ian orthogonal coordinates of the initial or undeformed state; 
(2) in terms of the Cartesian orthogonal coordinates of the final 
or deformed state. The strain matrix is defined in terms of the 
chance in arc length due to the deformation. It is shown that this 
matr ix is sensitive to rotations of the initial reference frame but 
insensitive to rotations of the final reference frame. Hence, 
Principal directions of this matrix exist only for the initial 
reference frame. When the initial and final reference frames coincide, 
one may introduce a disolacement vector relating the correspond ing 
positions of points of the elastic solid. Then, the previous theory 
furnishes the well known formulas for the components of the strain 
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tensor. Finally, the three basic invariants of the strain matr ix 
and the compatibil:ty relations areconsidered. The author's treatment 
of this last topic is equivalent to discussing one aspect of the 
fundamental form problem: "when is a quadratic form reducible to a 
sum of squares?” It is known that the necessary and sufficient 
condition is that the curvature tensor associated with the or iginal 
quadratic form vanish. In the author's development, only the elements 
of tensor analysis are used and it is shown that this condition is 
necessary. 

The stress matrix is of necessity associated with the final state 
of the elastic medium and is defined in the usual manner. By def inino 
the matrix of a virtual deformation in terms of the Cartesian 
coordinates of the final state, and using the principle that the 
virtual work of the body and surface surfaces must vanish for any 
virtual displacement which is a rigid body motion, the author 
determines the equilibrium relations and the equations of motion. 
Further, it is shown that the stress matrix is symmetric. The 
expression for virtual work is studied for the case of a finite 
deformation as well as for an infinitesimal deformation. To obtain 
the energy relation, the author introduces the mass density of the 
energy of deformation (an invariant of the strain matrix) and 
requires that the virtual work done by the surface and body forces in 
any virtual deformation shall equal the variation of the energy of 
deformation. This formulation of the energy relation is shown to 
lead to the stress-strain equations. Since these relations may be 
needed in determining boundary conditions in terms of the initial 
state variables, the author determines a modified stress matr ix. 

Chapters four and five deal with various expressions for the 
energy of deformation andhence liead to var ious possible stress-strain 
relations. If the expression in terms of the strain matr ix for eneray 
is invariant under a given rotation of the reference frame, the 
medium is said to be elastically insensitive to this rotation. 
Isotropic media are elastically insensitive to all rotations. By 
use of such a character ization, the author determines an expression 
for the energy of an isotropic medium. The following interest ing 
result is obtained: no elastic medium which is initially in a state 
of stress other than that due to a pressure or tension can be 
isotropic. The linear and second order approximations for the elastic 
constants are determined for the general strain matrix. This theory 
is used in comparing the theoretical results with Br idgman's 
exper imental work. Finally, by requiring that the elastic medium 
be insensitive to specified rotations, the relations among the 
elastic constants for a non-isotropic medium are determined. The 
constants of the first, second, and third degree are considered. 
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The final chapters are concerned with the application of the 
previous theory to the following problems: (1) homogeneous shear 
and tension in isotropic and non-isotropic media; (2,) the campress ion 
of an isotropic spherical shell and circular tube; (3) the torsion 
of an isotropic circular cylinder. In the first class of problems, 
the stress matrix is determined algebraically; in the last two 
classes of problems, it is necessary to solve ordinary differential 
equations. 


N. Coburn 





ANALYTIC GEOMETRY. By Raymond D. Douglass and Samuel! D. Zeldin, 
McGraw-Hill Book Company, New York, 1950, ix and 216 pages, $2.75. 


This book presents in simple and teachable form the elementary 
topics of both plane and solid analytic geometry. It develops the 
principles necessary for further study in differential and integral 
calculus without loss of time on non-essentials. There are many 
examples that illustrate the applications of the principles involved 
to other sciences as well as mathematics, and the student will find 
numerous exercises that furnish ample practice in the techniques 
to be learned. Review exercises at the end of each chapter should 
help the student properly to organize and coordinate the mater ial 
already studied; answers are also prowided. 

The book is direct in approach; in the first chapter it moes 
easily through fundamental notions to distance between two points 
and area of a triangle. The second chapter deals with the straight 
line: slope, angle between two lines, conditions for parallelism 
and perpendicular ity, as well as the point-slope, two point and 
intercept forms of equation of a straight line. One of the most 
unusual features of the book is the way in which the authors obtain 
the formula for distance froma line toa point. Starting with the 
general equation Ax + By + C = 0, they arrive at the statement that 


h = + (Ax, + By, + C)/ Va? + B2 without mentioning the normal form 


of straight line equation which is so often a real stumbl ing block 
to the student. They say the sign in the right-hand member of the 
formula "depends on the position of the point P, relative to the 
line L", without explaining fully about the sign. Would it not 
clarify the situation to tell the student how to determine the 
Proper sign of h and what it indicates? 

Chapter 3 studies the circle starting with standard form and 
moving on to the general equation and to circles determined by 
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three conditions. The authors give a formula for the lencth of the 
tangent froma fixed point to a circle as well as an equation for 
the tangent to a circle at a fixed point. 

Translation of coordinate axes is introduced in chaoter 4 to 
facilitate the discussion of the ellinse with axes parallel to the 
coordinate axes. There is a helpful reminder in the discussion of 
hyperbolas in chapter 5 concernina the asymptotes for a hvoerbola 
with center at (h, k). Chanter 6 is a study of the narabola and 
Points out an interestina fact not usually stated in textbooks that 
"the squares of any two chords perpendicular to the axis of a 
parabola are proportional to their distances from the vertex of the 
parabola". 

Chapter 7 opens with the derivation of the formula for the 
rotation of axes through an acute angle. Then, starting with the 
general equation of second decree the authors show by an illustrative 
example how to eliminate the xy term by rotation; they also state 
without proof the relation between the coefficients of the ceneral 
equation for soecif ic conics. Figure 5Z on page 87 shows the var ious 
conic sections. 

Chapters 8 through || include many illustrative examoles with 
numerous graphs of reoresentative curves of each type. Chapter 8 
studies alcebraic. curves; the discussion includes many excellent 
sketches. Chapter 9 deals with trigonometric and exvonent ial curves: 
tables of trigonometric functions, common and natural logar ithms 
are given at the end of the book for the student's convenience. 
Chapter 10 on polar coordinates includes many craphs as well as 
problems in deriving the volar equation directly from the given 
properties of the locus. In chapter j| the authors discuss parametr ic 
representation of curves, draw ficures of the trochoid and var ious 
cycloids, and give the names of many addit:onal curves in the 
exercises at the end of the chapter. 

Chapters 12 and 13 are devoted to solid analytic qeometry. 
Distance between two voints, direction cosines, angle between | ine 
seaments, equations of a plane and of a straicht line are fully 
covered, with numerous examples for each topic. In chapter 1% 
cylindrical surfaces, surfaces of revolution and quadr ic surfaces 
are presented with accompanying figures, and an introduction to 
cylindrical and spherical coordinates is offered. 

This book seems to cover very well the topics essential to 
oreparation for a course in calculus. It is remarkably concise but 
seems to be no less thorouch for its brevity. 


Wellesley College Vivian Gummo 
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GENERALITES SUR LES PROBABILITES. By Frechet Maurice, Elements 
Aleatoires, Gauthier-Villars, Paris, 1950, xvi plus 355 pop., 
paper-bound, 


This is the second edition of the first of two books planned 
dv Frechet on "Modern Theoretical Research in the Calculus of 
Probability". These two books in turn form oart of a "Treatise 
on the Calculus of Probability and its Aoolications" prepared hy 
Emile Sorel. As a part of a larcer work, the theoretical mater ial 
is developed in detail with illustrative examples, but anolications, 
discussed elsewhere in the treatise, are given minimum attention. 

Chapter one develons the notion of orobability from several 
points of view, includine equally orobable events, frequency, chance 
and axiomatic. 

Chanter two ceneralizes the theorem that the orobability of at 
least one of a finite number of incomoatible events is the sum of 
the probabilities of the individual events to the case where the 
events are compatible and also infinite in number. Since these 
formulas become quite complicated, certain useful inequalities are 
also derived. 

Chaoter three discusses typical values of a stochastic number, X. 
For example, a typical value of X of order r is the value’ of a 
which minimizes the expected value of |xX-a/". It is shown that the 
mean, median, mode and center of a distribution are typical values 
of orders 2, 1, 0, and ©, respectively. The rth root of the expected 
value of |X- |" is called the error of order r. More general 
definitions of tyoical values are also discussed. Probabilities 
associated with reveated trials of an event, and a discussion of 
character istic functions, and other functions which represent a 
orobability law conclude the chanter. 

In Chapter four, Bienaymé's inequality is generalized, includine 
Tchebycheff's inequality and others using errors of various orders 
other than the standard error of order two, hen unimodal density 
Funct ions only are considered, inequalities much sharoer than 
8 ienayme's are obtained. These inequalities are shown to hold for 
even more general distribution functions than those with un imode] 
densities. 

Chapter five discusses the convercence of sequences of stochastic 
numbers. Corresponding to each type of convergence, such as Cauchy 
convergence, or converoence in probability, an abstract space can be 
developed. Hence the already known theory of abstract soaces can 
be aodlied. 

Chanter six treats of ceneralized stochastic variables, such 
as functions or curves, which are not simole stochastic numbers. 
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The ideas of typical values, distr ibut ion functions, and convergence 
for such stochastic variables are presented. 

The reader is struck by the wide variety of topics which are 
brought together as special examples of more ceneral theories, by 
the fertile generalizations of elementary notions, and by the 
clever ly contrived examples which illustrate the need for rigorous 
statements of theorems. While most of the work is naturally drawn 
from others, much of it is originally due to Frechet. Be ing written 
in treatise style, with all the fine points included, the lancuage 
is straightforward, of average difficulty. A few typooraphical 
errors require the reader tocheck the formulas carefully. Reoretably, 
there is no index. While the work is developed from first principles 
and includes a number of elementary results, the reader needs to be 
fairly sophisticated mathematically. Stielt jes inteorals are used 
throughout, and an acquaintance with elementary mathematical 
statistics is adviseable. An excellent bibliography mostly to 
non-English languages and journals, is included. 

The author has brought together a vast amount of mater ial and 
unified it in an effective way, tying many of the problems into the 
modern theory of abstract spaces. This work will be a real aid to 
all serious workers in probability and statistics. 
























Paul B. Johnson 









THE ANATOMY OF MATHEMATICS. By R. B. Kershner and L. R. Wilcox, 
The Ronald Press Company, NewYork, N. Y., 1950, xl + 4I6 pp. $6.00. 






As stated in the preface, "this work has been produced in the 
hope that students may be aided in bridging the gao between class ical 
and modern aporoaches, and that the terminologies and ooints of view 
which the axiomatic method entails may become more readily access ible 
to those who suddenly find themselves in need of becoming fami] iar 
with them" ..."it is hoped that at least a few so-called laymen wil] 
take advantage of the opportunity, here provided, to learn what 
modern mathematics is like, without being expected to bring an 
elaborate technical education to lay upon the altar. The only 
prerequisites for reading this book are the desire to start and the 
perseverance to finish. The reader does not even need to know the sum 
of 7 and 5: incidentally, if he does not know this sum, he will 
not learn it from this book.” 

It seems doubtful whether the book will accomplish this puroose, 
chiefly because, although not dependino uoon the technical aspects of 
mathematical training, it oresuoooses creater maturity than is, at 
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oresent, usually possessed by the readers to whom it is addressed. 
Unquestionably it would be very desirable for such persons to reach 
the understandino of the character of mathematics which this book 
makes possible. It sets an important aim. 

After three introductory chaoters and two on the materials of 
mathematics (sets, relations, overations), there follow chapters 
devoted to the postulational method, grouos, the positive intecers, 
finite sets, inductive definition and the principle of choice, 
extended overations, infinite sets, isomorphism and catecor ical 
systems, equivalence and order relations, positive rationals, 
|-dimens ional continua, real numbers and fields. Of these, chanters 
[5-18 (rationals and reals) seem the most interesting. The others 
do not bring much that is new to the mature reader. 

Here and there the text is too revetitious (on p. |u4 the axioms 
for the theory of positive integers are stated, on the ad joinino 
pace "we restate the foundations for positive intecers"); and there 
are long arid stretches. 

Repeatedly, non-mathemat ical considerations slio in, which 
reflect the authors' individual preferences. |n passing frequently 
from purely intuitive discussions, in oreoaration for an abstract 
axiomatic treatment, it is perhaps unavoidable that such personal 
judgments as "we do not wish to include it in the logical basis" 
(0. 162), "our point of view is such that a orinciole is required" 
(p. 163), "in view of our firm belief in the consistency of these 
axioms" (p. 208), should creeo in. 

References to the literature do not occur in the tex+, but there 
is a group of || titles at the end as "suggestions for further 
reading". There are "projects" throughout the book, and succest ions 
and answers to them are found in the aopendix (op. 367-41U). 

It is tobe hoped that this book will contribute toan aoprec iation 
of mathematics on the part of its teachers and its users. 


Swarthmore Arnold Dresden 





STATISTICAL PRESENTATIO’. Py John H. Myers, Littlefield, Adams, 
and Co., 132 Beckwith Ave., Patterson 3, N. J., 99. 68. 75y. 


Ordinarily a statistics handbook is a kind of literary dicest 
of elementary text material with much left unsaid. Statistical 
Presentation is a refreshinc exception in which a lattern is set 
for aood practice in presenting facts for oractical business use. 
Tables and charts illusirate orover location of title, body, and 
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marcinal scales. It is regretable that some charts have the vertical 
scale caotion written vertically in the marcin rather than at the 
top. The title is properly located above the table or chart with 
source and explanatory notes below. 

Chapter | is an introductory statement of objectives and methods, 
Chanter || illustrates a General Table and a Special Table with 
proper explanations. A list of guidinc orinciples is civen. Chapter 
111 illustrates three types of manos and follows with a var iety of 
charts. Appendix A is a table of values and simole relative indexes, 
Appendix & gives a frequency table using four different types of 
classes. The mid-class values and frequency totals are omitted, 
A brief bibliography is included. 

The illustrative general table shows adequate stubs and capt ions 
and includes totals for types of values of obvious interest for 
comoar ison. The special table is clearly dist incuished from the 
general table to emphasize special puroose requirements. 

lllustrative charts are crouped under the headincs of maps, 
bars, circles, lines, and pictures. Cases of improper arrancement 
are comoared with the correct form to emphasize better oresentat ion. 
As a rule all words and numbers are written horizontally which avoids 
spinnina the paper around to bring the writing into easy view. 
Suitable legends are used to distinguish between bars and lines 
so that the chart is not cluttered with much writinc. 

Some orefer that leaends be placed at the lower richt below 
the body of the chart. Illustrative cases for oresentinc averaces 
and indexes would be a useful addition to the handbook. These forms 
of presentation would greatly improve the variety techniques found 
in many books and business reports. 


University of Alabama C.D. Smith 





FOUNDATIONS OF MATHEMATICS. By Raymond L. wilder, John Wiley & 
Sons Inc., New York, N. Y., 1952, xiv pp. 3ub. 


This book has crown out of a course which the author has given 
at the University of Michigan, for more than 10 vears, to first 
year craduate students and to seniors who had majored in mathematics, 
in the belief that people "who were to base their life's work on 
mathematics" should acquire "some knowledoe of modern mathematics 
and its foundations". 

It is divided into two oarts Part | (pp. 3 - 185) deals with 
the fundamental concepts and methods of mathematics and consists 
of the follaving seven chapters: The axiomatic method (pp. 3 - 22), 
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Analysis of the axiomatic method (pp. 23 - 51), Theory of sets 
(pp. 52 - 77), Infinite sets (op. 78 - 109), Well-ordered sets; 
ordinal numbers (op. Ilu - 133), The linear continuum and the real 
number system (pp. 134 - 157), Groups and their sionificance for the 
foundations (pp. 158-188). Part I1 is concerned with the development 
of various ooints of view on the foundations of mathematics. It 
contains five chapters: The early developments (no. 189 - 2u8), The 
Frege-Russel] thesis: mathematics an extension of locic-(00. ZuS - 
229), Intuitionism (pp. 230 - 249), Formalism (00. 25u - 263), The 
cultural setting of mathematics (po. 264 - 284+). In the "Succest ions 
for use as a textbook" which follow the oreface, the author says 
that "by judicious selection of material, a satisfactory one-semester 
course can be based on the book. The formal text is followed by an 
extensive bibliography (op. 285 - 265) and by three indices (of 
symbols, of topics and technical terms, of names). 

The structure of Part | follows the ceneral pattern of a textbook; 
each of the seven chapters closes withalist of interesting problems. 
Part || is more nearly a set of lectures on various aspects of the 
foundations of mathematics. 

The book is written in a lively, informal style, which certainly 
maintained the reviewer's interest and which is likely to carry 
along any reader who is at all interested in mathematics. The author 
says that "for mature students in other fields, such as philosophy", 
it is not necessary to make the calculus a prerequisite for his 
course, but that "no MATHEMATICS student" should take it "without 
having had calculus". It is the reviewer's judgement that, while 
general maturity is certainly helpful, the contents of this book 
can be properly appreciated only by persons who have had enouch 
experience with the usual mathematical disciplines to make the 
abstract concepts which are introduced meanincful to them. 

It is encouraging for teachers who have been working for a 
recoonition of the significance of mathematics apart from its 
technical applications, that a place has been found for a course 
of this type and that the publication of this book has become 
possible. 

The book has obviously been written with great care fo clarity, 
for preciseness, for "logical" development. The few remarks which 
follow are intended to suagest the consideration of slicht 
mod if ications when a revision of the book is undertaken, rather 
than to detract from its value. 

That "All statements imolied by an axiom system > hold true 
for all models of = "(p. 27 - 2.2.1) is obviously meant to refer 
to "consistent" systems >. Not all the statements implied by the 
system introduced in the first paracraph on p. 24, hold true for 
all its models. 
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It appears that the rule (3a) on p. 95 does not give an effect ive 
def inition of the set s’, since it requires, for -very element x of 
s the decision whether it is contained in the correspondinc set 

. Moreover, the proof of the theorem in 3.2.1.3 is not convincing, 
cae there seems to be no reason to suppose that the se+ s_ 
(i.e.S*) should contain the element a. 

The term “non-degenerate” occurring on op. 170 and 171 does 
not appear to have been defined: the same seems to be true of the 
symbol i on p. 259. 


Arnold Dresden 





FIRST COURSE IN PROBABILITY AND STATISTICS. By Jerzey Neyman, 
New York, Henry Holt & Co., 1950, ix plus 350 pp. $3.50 


Striking a bold contrast with other elementary texts, Neyman 
centers this book on the testing of statistica! hypothesis, or 
probability as a guide to inductive behavior. This relatively 
advanced idea is made the core of a one semester course by consider inc 
only discrete cases and omitting such topics as correlation, 
regression, chi-square and Student's distribution. 

Chapter 1, on the scope of the theory of probability and 
statistics, is beautifully written and should be read by all puzzled 
students of the subject. The concepts of probability are developed 
without reference to the idea of "equally likely" in a manner which 
will be confusing to some. A detailed study of heredity leads to the 
binomial, poisson and normal distributions and to the problems of 
statistical hypotheses. 

It is pleasant to see a text which emphasizes that the problem 
of a statistician is the making of choices, not merely determining 
probabilities. Many problems illustrate how discriminating persons 
are aided by probability in reaching decisions, while very few of 
the common run and gambling problems are given. Maturity, rather than 
specif ic mathematical ability beyond algebra, is the*prerequisite. 
While some of the reasoning is quite close, the student may well 
gain a better understanding of the purpose of statistics from this 
text than he would from the usual course where he might learn more 
techniques. 


Paul B. Johnson 
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